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1. INTRODUCTION 
Let C ap,z~ = exp {g(z)}, where g is an entire function. For each positive 
integer n let r,, denote the least modulus of a zero of Cz=, a++, the nth partial 
sum of the power series for exp {g(z)}. In [l] several theorems were proved 
concerning the relation between the rate of growth of the sequence {r,} and 
the growth of the maximum modulus of g. In the present paper we extend 
these results and also obtain an asymptotic formula for Y, in terms of the 
power series coefficients of g. 
For convenience we shall assume that g(0) = 0. We introduce the follow- 
ing notation, similar to that used in [l]. 
k=l k=l 
l/k 
, 1 <k<?Z. 
The maximum term and central index of the power series for g will be 
denoted by p and v respectively, i.e., for Y > 0, 
k) = mkax 1 bk 1 rky l<k<cc 
and 
v(r) = max {K : / b, 1 rk = p(y)}. 
THEOREM 1. If g is not a polynomial, then 
r,--B,, In-+ co. 
THEOREM 2. If g is not a polynomial, and P(Y) 2 v(r) for all suficiently 
large r, then 
r, - M-‘(n), n-3. co, 
where M-l denotes the inoerse of the maximum modulus of g. 
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In particular, we note that the condition p(y) 1,. Y(Y) for large Y is satisfied 
if g is of finite order [2, p. 321. 
The example g(z) = .z shows that in both theorems the hypothesis that g 
not be a polynomial is essential. For this choice of g one has B, = M-l(n) :-: n; 
on the other hand, it is known [3] that in this case r, N nd, where d is the 
positive number such that de’-“’ = I. For an arbitrary polynomial g, 
considerably less is known about the asymptotic behavior of 7, (cf. Theorem 
4.1 of [l]). 
2. PROOF OF THEOREMS 1 AND 2 
Let k, be the least positive integer iz for which b, # 0. For each n > K, 
let A, and C, be the positive numbers defined by &(A,,) = n and 
C, = m;x {r exp (- 2Gn(r)/n}}, 0 < Y < co. (2.1) 
LEMMA 1. If n > k, , then C, < A, < B, . Furthamore, C, N A,, - B,, 
as n+ co. 
PROOF. The inequality C, < A, follows easily if one observes that the 
value of r for which 
C, = Y exp { - 2G,(r)/n) 
is such that 
Therefore 
G,(A,) = n = 2rG,‘(r) > G,(r). 
A, > r > Y exp { - 2G,(r)/n} = C, . 
The inequality A, < B, follows from 
(2.2) 
Suppose now that f > 0 and 0 < X < 1. Let j be a positive integer such 
that 
Xitl 
j-Iy-. 
Then 
G&W = (5 + f$ ) I b, I h”&” 
k==l k=j+l 
f GjPnJ + m kin ‘jtl max(( b, \ Bnk) 
< Gj(hB,) + nc. 
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From the definition of B, , we have B, = O(nllk) for every positive integer k 
for which b, # 0. Let rn > j be such an integer. Then 
Since 
G&B,) = O(nj/“) 
= o(n) as n-t co. 
GPw) GW%J < g&w + E 
G,O=n - ’ n 
it follows that 
This implies that XB, < A, for large n. Therefore A, N B, . 
From (2.1) we obtain 
. 
As a consequence of (2.3) we have 
(2.3) 
(2.4) 
(2.5) 
From (2.4) and (2.5) it follows that 
and therefore 
C 
liminfn > 1, 
n-m 4 
since h is arbitrary. From this and the inequality C, < A, we have C, - A, . 
This completes the proof of Lemma 1. 
PROOF OF THEOREM 1. Theorem 1 is a direct consequence of Lemma 1 
and the inequality 
C,, < r, < B, . (2.6) 
The fact that r, < B, follows from Theorem 2.1 of [l]. To see that C,, < r, , 
one observes that CF=,, a#’ is also the nth partial sum of the power series for 
exp (g,(z)>, where g,(z) = Cz=, bkzk. From this and Theorem 3.1 of [l] 
we obtain C, < r, . 
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It is worth noting that nothing in the proof of Theorem 1 involves the 
convergence of C,“=, h,z I’ Theorem 1 is in fact valid for all power series . 
g(z) = xFZ1 bkzJC which have infinitely many nonzero coefficients. 
For the proof of Theorem 2 we shall need the fact that the inverses of the 
maximum modulus and maximum term functions of an entire function are 
asymptotically equivalent. 
LEMMA 2. If M-l and p-l denote the respective inverses of the maximum 
modulus and maximum term functions of a nonconstant entire function g, then 
M-l(n) N p-l(n) us n-t co. 
PROOF. For the purposes of the Lemma n need not be restricted to integer 
values. For convenience we still assume that g(0) = 0. Also we assume that g 
is not a polynomial, since the Lemma is trivially true in that case. 
Let pr and v1 denote the maximum term and central index of the series 
C K(k + 1) b,z”. Then for r > 0, 
Therefore 
Now 
and 
Since 
k=l 
=~4k+1)!bklrkjk(k l+ *II 
k=l 
< p1(r) kz k(k : 1) 
= PlW. 
pT’(n) < M-l(n) < p-‘(n) for n > 0. 
dn) = Tin & 
I 1 
l/k 
, l<K<oo, (2.7) 
634 = yin k(k +‘I) , bk , I I 
ilk 
I l<k<co. (2.8) 
lim [k(k + l)]l/” = 1, 
ken 
it will follow that Q(n) -p-l(n) provided that the integers k at which the 
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minimum values (2.7) and (2.8) are obtained tend to infinity with n. These 
minima are assumed at the integers 
h’ = +-l(n)) and k” = v&l(n)) 
respectively; since g is not a polynomial it follows that k’ + CO and k” + CO 
as n - co. Therefore pfl(n) N p-‘(n), and since p;l(n) < M-r(n) < p-‘(n), 
we have M-l(n) N p-l(n). 
PROOF OF THEOREM 2. In view of Theorem 1 and Lemma 2, the conclu- 
sion of Theorem 2 is equivalent to l& N p-l(n). However, from (2.7) and the 
definition of B, , we see that B, = p-l(n) if k’ < n. We shall show that the 
latter condition is satisfied for all n sufficiently large. 
Let R, be such that p(r) 3 v(r) if r >, R, , and choose n > p(R,J. Then 
p-r(n) > R, , and 
h’ = l.+-‘(n)) < &b-l(n)) = 71. 
This completes the proof. 
3. ZEROS OF A POLYNOMIAL 
Given a polynomial 
P(x) = a, + a,x + *** + u$P, 
let r denote the least modulus of a zero of P. The methods of the preceding 
section can be used to obtain usable estimates for T. 
THEOREM 3. Let P be a nonconstant polynomial of degree n or less with 
P(0) = 1. Let C:=, bgk be the nth partial sum of the power series for log P(x). 
Then 
where 
PROOF. Let A, and C,, be defined as before. Using (2.1) and (2.2), one 
easily establishes the inequalities C, 3 An/e2 and A, > B,/2. Noting as 
before that P(z) is the nth partial sum of the power series for exp {c:=r bgk}, 
we can apply (2.6) and obtain 
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